We review the relations between a family of domain-wall solutions to M-theory and gravitational instantons with special holonomy. When oxidized into the maximaldimension parent supergravity, the transverse spaces of these domain walls become cohomogeneity-one spaces with generalized Heisenberg symmetries and a homothetic conformal symmetry. These metrics may also be obtained as scaling limits of generalized Eguchi-Hanson metrics, or, with appropriate discrete identifications, from generalized Atiyah-Hitchin metrics, thus providing field-theoretic realizations of string-theory orientifolds.
Introduction
Sets of magnetically charged p-branes with a compact transverse space necessarily include both positive and negative tension branes. This is because, although one allows the Bianchi identities for the field strength F [n] supporting the brane to be violated by magnetic source terms, the resulting dF [n] should still have a vanishing integral over a compact space. This "cohomology condition" is at the origin of the pairing of positive and negative tension orbifold planes in the Hořava-Witten construction [1] and in the dimensionally reduced interpretation of this construction in terms of fixed 3-branes in D = 5 supergravity [3] . Codimension-one BPS solutions are characterized by a linear harmonic function, and the equality of positive and negative charges in such solutions is a consequence of the necessity for this function to be continuous in the compact transverse space, thus requiring equality of 'upwards' and 'downwards' kinks. The same basic pattern is found in the more phenomenological approach of Randall and Sundrum [2] for branes crafted from patched sections of D = 5 anti de Sitter space.
For purely gravitational solutions, we shall review below how a simple sum-rule argument establishes the impossibility of resolving all the singularities in domain-wall spacetimes of this type with a compact transverse space [4] . A domain wall (i.e. a (D−2)-brane) must be supported by the combined effects of gravity and a scalar field with a potential. Descending from higher dimensions, this may be viewed as the result of a dimensional reduction in which the supporting form field F nm has been reduced to a constant 0-form in the "internal" dimensions. The source-free Einstein equations in this case may be organized so as to have a total derivative on one side and a sum of non-negative terms on the other. Integration of the total derivative over a compact transverse space then yields zero, forcing the vanishing of the derivative of the scalar field that would otherwise have to support the domain wall, thus ruling out a non-trivial brane spacetime. Of course, if a source is present the situation is different, and non-trivial spacetimes can in that case be found. But with a source present, the spacetime has a singularity.
Although it is not possible to find a solution with all singularities resolved on a compact transverse space, it is still of interest to look for resolved domain-wall solutions with noncompact transverse spaces. Such a solution could be viewed as "half" of a Hořava-Witten configuration. It is of particular interest to see whether the negative tension objects can be resolved, as these are the ones for which no acceptable delta-function source exists in string theory. Moreover, experience shows that the possibilities for resolving singularities may be greater if one dimensionally oxidizes a solution into the highestdimensional parent supergravity, since dimensional reduction can introduce singularities in otherwise non-singular spacetimes [5] .
The tension T of a brane solution can be read off from the change in the extrinsic curvature K µν , since by the Israel matching condition for extrinsic curvatures on + and − sides of a domain wall, one has
where in coordinates locally adapted to the brane geometry the extrinsic curvature is given by
nλ∂λg µν , where nλ is the normal to the domain-wall worldvolume. As we shall shortly be considering both D and D − 1 dimensional contexts, we adopt the convention that "hatted" indices refer to the full embedding spacetime containing the brane, while "unhatted" indices refer only to the brane worldvolume coordinates x µ . In a BPS domain-wall spacetime characterized by a linear harmonic function H = c + my of the transverse coordinate y, with metric
the extrinsic curvature is proportional to the slope parameter m. Thus, in a standard domain wall setup where one reflects the harmonic function, e.g. at y = 0, so H = c+m|y|, the tension (1) is proportional to −m. Accordingly, for a negative tension domain wall, the warp factor e 2A(y) = H 4 ∆(D−2) of the embedding D-dimensional spacetime grows as one moves away from the brane, and conversely, the warp factor for a positive tension brane decreases as one moves away from the brane. In the following, we will review what is known about the possibility of resolving the singularities at such branes.
Difficulties with Singularity Resolutions
Quite a lot of effort has been devoted to the question of resolving domain-wall singularities. This has been done by analysis of the possible renormalization group flows for the supporting scalar fields [6, 7] in the embedding spacetime. Another approach is via sum rules derived from the Einstein equations [4] . For example, one can start from the action for gravity coupled to a nonlinear sigma model for a set of scalars φ I , I = 1, . . . , N with a potential V (φ) and possible sources J α :
For a generalized domain-wall spacetime, one takes the metric ansatz
leading to Einstein equations that can be combined to give on the left-hand side a total derivative of the warp factor,
where R brane is the Ricci scalar for the brane worldvolume metric g µν . Substituting for T µν and T 55 and integrating dy over a compact transverse space, the total derivative A ′′ drops out and so one has the sum rule
Thus, in order to resolve the singularities of a set of domain walls with a compact transverse space and with vanishing worldvolume Ricci scalar R brane , the absence of sources J α would imply dy (g IJ φ I ′ φ J ′ ) = 0 and for positive definite sigma model metric g IJ this would require constant scalar fields, φ I ′ = 0 ∀I. But nontrivial scalars are needed to support a domain-wall spacetime, so this rules out the possibility of resolving all the domain-wall singularities in a compact transverse space.
If one cannot resolve a full Hořava-Witten pair of domain walls, then one can try the next best thing, i.e. to resolve just half of it, removing the second brane to infinity and looking for a nonsingular solution for just one brane. Here one encounters a further difficulty: "double-ended" spacetimes with growing warp factor as one recedes from the brane cannot be resolved. The best chance of resolving such a spacetime would be after oxidizing it from D dimensions up into a solution of its maximal-dimension parent supergravity, e.g. intoD = 11, where singularities in dilatonic scalars are not a problem because there are no such scalars. After this dimensional oxidation, one is not dealing anymore with a brane of codimension one, but instead the (D − D + 1) dimensional transverse space now becomes a space of cohomogeneity one, with the y = const slices representing homogeneous spaces on which the (D − D) dimensional oxidation has been performed. A negative tension domain wall in D dimensions with H = 1 + m|y|, m > 0, would lift after such dimensional oxidation to a spacetime with a "saddle," reducing to a minimum cross-sectional volume in the extra d = (D − D) dimensions and then reexpanding. But for solutions to the purely gravitational sector of D = 11 supergravity, there cannot be smooth solutions of this sort, as a result of the Cheeger-Gromoll theorem [8] , or as can be seen by the following simple argument [9] . First transform the transverse y coordinate intoỹ, the proper distance from the cross section of minimum volume, and consider the metric ansatz ds
. Let V (x, y) = det g ij and consider Θ = V ′ /V , which is the expansion rate of geodesic congruence in this spacetime. This quantity is subject to the Raychaudhuri inequality
where
g ij . Thus, if Θ is negative at some value ofỹ, it remains negative always, so a nonsingular "saddle" spacetime is not possible, at least in this purely gravitational setting.
Thus, we now come to consider "single-sided" domain walls, whose BPS metric can be taken to be derived from the harmonic function H = my. The "single-sided" space is ob-A priori, the single-sided case may look even less promising for singularity resolution than the double-sided one, since one is trading in a fairly mild delta-function singularity in the double-sided metric with H = c + m|y| for a more serious single-sided singularity in the curvature where H = 0. However, one has to remember that problems with singularities can be improved after dimensional oxidation, so one needs to keep an open mind at this point.
Homothetic Heisenberg Brane Metrics
Let us now consider a specific class of domain wall solutions [9] which oxidize up to a very suggestive class of metrics inD = 11. As a basic example, consider a domain wall in D = 8, supported purely by fields derived from theD = 11 metric. In order to generate the scalar potential needed to support this domain wall in D = 8, the dimensional reduction down fromD = 11 needs to have a constant flux turned on in the compact 9 & 10 directions: F 
As we have noted above, the best chance for a resolution of the singularity at the surface where H = 0 is to be found after oxidation on coordinates (z 1 , z 2 , z 3 ) back up toD = 11, yielding the metric ds
where the transverse metric ds 4 is
The metric (10) has some striking properties [8] . First of all, it is Kähler. To see this, let us adopt an orthonormal basis of vierbein 1-forms
Using these, we can give the Kähler form J = e 0 ∧e 1 −e 2 ∧e 3 = 1 2
projectors. The Darboux form for the metric (10) is achieved by solving the differential equations Q i j ∂ j ζ µ = 0 for complex coordinates ζ µ , µ = 1, 2. A sample solution to these equations is
Changing over to these complex coordinates, the metric becomes
where now H = [1 + m(ζ 2 +ζ 2 ) + Constructing the curvature for the vierbeins (11) shows it to be self-dual in the d = 4 Euclidean-signature dimensions w i , and to have SU(2) holonomy. The suspicion arises thus that the metric (10) may have something to do either with the gravitational instanton K3 or with the Eguchi-Hanson metric. We will confirm these associations by considering the symmetries of the metric (10) .
For simplicity, we now let the slope parameter be m = 1, and rewrite the metric (10) using the proper distanceỹ = 2 3 y 3/2 as the radial coordinate. The metric (10) becomes
The σ i are 1-forms satisfying the algebra
They are left-invariant with respect to the Heisenberg group of 3 × 3 upper-triangular matrices
with corresponding Killing vectors
satisfying the Heisenberg algebra
In addition to the Heisenberg symmetry, the metric (10) is characterized by a rate of growth in volume betweenỹ 0 andỹ that goes likeỹ 4 3 . The Heisenberg symmetry and the rate of volume growth for the metric (10) led Gibbons and Rychenkova [8] to identify it with a singular (BKTY) limit of the K3 metric identified by Tian & Yau and Bando & Kobayashi [10] . In this singular limit, K3 is rendered noncompact: the parts of the manifold that do not correspond to the metric (10) are "blown away" to infinity. The Heisenberg (or "Nil") symmetry appears only in this singular limit, since the compact K3 has no Killing vectors. Accordingly, we shall call such limits "Heisenberg limits." From the present example, we learn that domain-wall solutions with singularities can sometimes be resolved into nonsingular spaces after taking a singlesided interpretation of the original space and then dimensionally oxidizing into the highestdimension parent supergravity theory. In this construction, the original single transverse coordinate y becomes firstly the radial coordinate for a space of cohomogeneity one, in which the y = const slices are homogeneous subspaces. In the subsequent resolution into a smooth space like K3, this cohomogeneity-one structure may be lost.
Another characteristic property of the metric (10), which will generalize to other examples of this sort, is its homothetic scaling symmetry. The transformation
causes the metric to scale by a constant factor, ds . A conformal symmetry of this sort, with a constant scaling factor for the metric, is known as a "homothety." The corresponding Killing vector is
the existence of this conformal symmetry derives from the fact that the Heisenberg algebra is itself scale invariant under
Note in particular that the "slope" parameter m is not changed in this transformation, so, unlike apparently similar integration constants for higher codimension branes, m does not fix a dimensional quantity that determines how the geometry changes as one moves away from the H = 0 surface; indeed, if it did, there could be no such scaling symmetry. The scaling symmetry is obtained, however, only for the single-sided metric with H = my that we are considering here; the double-sided case with H = const + m|y| breaks the scaling symmetry at the point of reflection.
Relation to the Eguchi-Hanson metric
The resolution discussed above for the metric (10) is highly implicit, owing to the fact that the explicit metric on K3 is unknown. At the expense of retaining the singularity, however, one may find a rather more explicit relation to a self-dual metric that has frequently been discussed in connection with approximations to K3, namely the Eguchi-Hanson metric [11] . The Eguchi-Hanson metric is
where theσ i are left-invariant 1-forms with respect to SU(2), satisfying the algebra
If one now performs an Inönü-Wigner contraction,
then in the limit λ → 0, one obtains the previous differential algebra (15) for σ 1 , σ 2 , σ 3 . In order to take this limit in the metric, one needs first to rescale the radial coordinate and the charge,r = λ −1 r,Q = λ −6 Q, and also needs to make a coordinate transformation y = 
Thus the scaling by λ blows up the EH regionr ≈ 0 into the region described by the domain-wall metric (10) .
Note that one is dealing here with a singular version of the Eguchi-Hanson metric withQ > 0 (the non-singular metric hasQ < 0, and is complete forr ≥ |Q| 1 4 ), so this construction does not actually resolve the domain-wall singularity.
Within the unscaled EH metric, the far region wherer → ∞ asymptotically tends to a Ricci-flat cone over RP 3 . This region has a scaling symmetryr →λr, ds In fact, one also has in this region ∇ µ E ν = g µν and since ∇ [µ E ν] = 0, it follows that E is a gradient (this is also clear from its explicit form). So E is also hypersurface orthogonal.
In the middle region of the EH metric, 0 <<r << ∞, the E scaling symmetry is lost. This accords with the fact that the slices at fixedr are orbits of SU (2), which does not The region near the EH singularityr ≈ 0 blows up, as we have seen, into the metric (10) which has the Heisenberg group symmetry and also a homothetic conformal Killing vector D = y ∂ ∂y
. This conformal Killing vector is not, however, proportional to a gradient, so it is not hypersurface-orthogonal.
Higher Dimensions and Orientifolds
Starting from a series of gravitational domain-wall solutions in lower dimensions, with less preserved supersymmetry than in the above D = 8 ↔ d = 4 example, one can similarly oxidize up toD = 11 and so obtain from their transverse spaces a series of cohomogeneityone manifolds of special holonomy with varying amounts of preserved supersymmetry.
For example, we can consider a domain wall in D = 6 for the theory obtained by turning on fluxes F 9,10 and F 7,8 for the gravitational Kaluza-Klein vector A m arising in the original D = 11 → D = 10 reduction (in the notation of Ref. [12] , these fluxes correspond to the zero-form field strengths F 
Oxidizing this metric up toD = 11, one obtains a metric dŝ 2 = dx µ dx µ + ds 2 6 , from which one may extract the d = 6 cohomogeneity-one part
Defining an orthonormal basis for this metric by
one finds a Kähler form J = e 0 ∧e 1 −e 2 ∧e 3 −e 4 ∧e 5 . The metric (26) has SU(3) holonomy, corresponding to the 1 4 supersymmetry preserved by the D = 6 domain wall. By a generalization of the arguments in the d = 4 case presented above, the d = 6 metric (26) may also be obtained as a Heisenberg limit of a smooth gravitational instanton, in this case a Calabi-Yau 3-fold [8] . Now the volume grows asỹ 3 2 as one recedes from the singularity, and, after taking a scaling limit analogous to the BKTY one, the metric develops a generalized Heisenberg symmetry with respect to which which the homogeneous y = const slices are group orbits having the structure of a T 1 bundle over T 4 [9] . For H = my one finds again a homothetic conformal Killing vector D = y ∂ ∂y
). And, similarly to the d = 4 example, the d = 6 metric (26) can also be obtained from a d = 6 generalization of the Eguchi-Hanson metric [9] .
Higher-dimensional cohomogeneity-one gravitational domain walls of special holonomy may also be obtained as Heisenberg limits of corresponding-dimensional gravitational instantons. For example, one has a 1 4 supersymmetric D = 5 ↔ d = 7 metric with G 2 holonomy, supersymmetric D = 4 ↔ d = 8 metric with Spin(7) holonomy,
The relations between domain walls and gravitational instantons that we have reviewed here all have negative tension, as can be seen from their growth in volume as one recedes from the singularity and in analogy with the matching condition (1). Moreover, we have seen that there can be Heisenberg limits to domain wall spacetimes from various previously known spacetimes: we have seen implicit limits to such domain walls from nonsingular K3 and Calabi-Yau spaces and also more explicit limits (but without resolving the singularities) from generalized Eguchi-Hanson spaces. Now, in string theory, one does not have acceptable source actions for negative tension objects, since the corresponding brane waves would have negative kinetic energy. Thus it is fortunate that the cases we have investigated can actually be resolved into portions of nonsingular gravitational instanton spaces, which do not require such sources. The negative tension objects that string theory does contain, however, are orientifold planes. These avoid having unacceptable negative energy brane waves since they are fixed in position by virtue of their Z 2 identifications: the orientifold plane is located at the Z 2 fixed point. Returning to the effective supergravity theory, one is, accordingly, interested in finding spacetimes corresponding to orientifold planes. One such orientifold plane is related to our basic 6-brane example (9, 10) . In this case, the orientifold spacetime corresponds to the product of d = 7 Minkowski space times the Atiyah-Hitchin (AH) metric [13] , which can be written in the form 
At large t, one has a(t) → b(t) and the AH metric tends to the Taub-NUT metric, which in appropriate coordinates is 
with, however, M < 0 and which is here taken subject to the Z 2 identification (ψ, θ, φ) ↔ (ψ − π, π − θ, φ + π). Taking a Heisenberg limit of this metric, one reobtains our conical spacetime (10), but subject now to the Z 2 identification (z 1 , z 2 , z 3 ) ↔ (−z 1 , −z 2 , z 3 ). Accordingly, the AH metric is described as being "asymptotically locally conical" (ALC). In string theory, the macroscopic curvature of a supergravity solution is interpreted as arising from the accumulation of charge ↔ tension for a stack of microscopic extended objects. Accordingly, one may interpret our basic 6-brane solution (9) also as the Heisenberg limit of the metric for a stack of orientifold planes, subject also now to the above Z 2 identification. The ADM mass M of this spacetime is negative, corresponding to the negative tension. However, there are no negative energy brane waves on such a background because the Z 2 identification eliminates translational zero modes. This ALC solution manages to avoid being inconsistent with the positive mass theorem because its structure at infinity is not simply-connected, owing to the Z 2 identification, and this interferes with the solution of the Dirac equation subject to boundary conditions at infinity, which is an essential element of the positive mass theorem proof.
Higher-dimensional examples of ALC metrics can be found using the recent explicit
